Abstract. We affirmatively answer a strong version in dimension 2n = 4 of a question of Eliashberg on linking of certain Lagrangian disks in T * R n . This question was previously answered in dimensions 2n ≥ 8 by Ekholm and Smith [8] . We then prove several new results about linking of Lagrangian tori in symplectic 4-manifolds. In particular, we prove that Lagrangian tori in R 4 and in rational symplectic 4-manifolds are unlinked if and only if an obvious necessary algebro-topological condition is satisfied. We also provide a full classification up to Hamiltonian isotopy of weakly exact, rational Lagrangian tori in T * T 2 − 0 T 2 , which can be interpreted as a statement about Hamiltonian unlinking of tori with relatively rational action classes.
Introduction
Given a smooth manifold M of dimension n, consider its cotangent bundle (T * M, dλ can ) where we write λ can = n i=1 p i dq i in local canonical coordinates (q 1 , . . . , q n , p 1 , . . . , p n ). For x ∈ M , let F x ⊂ T * M be the cotangent fiber over x. We prove the following theorem.
Theorem A. Let L ⊂ T * R 2 be a Lagrangian embedding of R 2 which agrees with F x for some x = 0 outside a compact set. If L ∩ F 0 = ∅, then L is Hamiltonian isotopic to F x through an isotopy fixed at infinity whose image does not intersect F 0 .
Observe that if L is a Lagrangian embedding of R n into T * R 2n which agrees with F x , x = 0, outside a compact set and is disjoint from F 0 , then it extends to a map S n → T * R 2n − F 0 → R 2 − 0 where the second map is the projection. Eliashberg asked whether this composition is nullhomotopic. This question was affirmatively answered by Ekholm and Smith in dimensions 2n ≥ 8; see [8, Thm. 1.1] . In dimension 2n = 4, Eliashberg's question is trivial since π 2 (R 2 − 0) = 0. Theorem A establishes a much stronger result in dimension 2n = 4. It is natural to ask whether Theorem A generalizes to all dimensions, but such a question seems far beyond the reach of current technology.
Eliashberg's question fits into a broader story about rigidity of Lagrangians in cotangent bundles. In particular, the work of Ekholm and Smith can be seen as complementary to the recent developments establishing homotopical versions of Arnold's celebrated Nearby Lagrangian Conjecture; cf. [1] . In dimension 4, this relationship is particularly direct and Theorem A can in fact easily be seen to imply the Nearby Lagrangian Conjecture for T * R 2 , which was originally proved by Eliashberg and Polterovich in [10] .
Corollary B (Eliashberg-Polterovich [10] ). Let L ⊂ T * R 2 be a Lagrangian embedding of R 2 which agrees with the zero section outside a compact set. Then there exists a compactlysupported Hamiltonian isotopy taking L to the zero section.
Our approach to Theorem A is very much inspired by the work of Eliashberg and Polterovich in [10] and can be seen as a generalization of their work to the case of two Lagrangians.
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Their proof uses the well-known method of "filling by holomorphic disks" in combination with some fairly intricate geometric constructions. However, it does not seem to generalize in a straightforward way to handle multiple Lagrangians. Our approach instead is to "fill by holomorphic planes", where a plane is simply a copy of (C, i). This approach requires far less control on the geometry and thus appears to generalize more easily. However, it crucially relies on several fairly recent development in the analysis of punctured holomorphic curves which occurred in particular after the work of Eliashberg and Polterovich. Observe that Theorem A can be seen as a statement about linking of Lagrangian embeddings of R 2 . A related topic which has also received attention in the literature is the study of linking of Lagrangian tori; see for instance [3, 4, 6, 9] . This is the second main topic of this paper. Let us give a more precise definition before stating our main contributions. Definition 1.1. Let L 1 , . . . , L n be disjoint, closed Lagrangians in a symplectic manifold (X, ω). We say that the L i are smoothly unlinked if there exists a collection of disjoint balls B 1 , . . . , B n ⊂ X and a smooth isotopy Φ : [0, 1] × ( n i=1 L i ) → X with the following property: for i = 1, . . . , n, the image of
We say that the L i are Lagrangian unlinked (resp. Hamiltonian unlinked) if one can choose Φ to be an isotopy through Lagrangian submanifolds (resp. if Φ is induced by a global Hamiltonian isotopy of (X, ω)).
We prove the following result.
Theorem C. Let L 1 , . . . , L n be disjoint Lagrangian tori in the symplectic vector space (R 4 , ω = dx 1 ∧ dy 1 + dx 2 ∧ dy 2 ). If the inclusion
induces the zero map on fundamental groups for i = 1, 2 . . . , n, then the L i are Lagrangian unlinked.
We remark that it is easy to construct configurations of Lagrangian tori which are linked; cf. [4, Ex. 4.10] .
The algebro-topological condition (1.1) is clearly necessary. However, there could a priori be additional obstructions to Lagrangian unlinking coming from smooth topology or symplectic topology. The content of this theorem is that there are no such obstructions. Thus it can be interpreted as a 1-parametric h-principle for the embedding of a pair of Lagrangian tori in (R 4 , ω).
We also prove an analog of Theorem C for certain closed symplectic 4-manifolds. Following [13] , we say that a symplectic 4-manifold is rational if it can be obtained from CP 2 by a sequence of blowups and blowdowns; see Section 4.2. We have the following theorem.
Theorem D. Let (X, ω) be a rational symplectic 4-manifold and let L 1 , . . . , L n ⊂ (X, ω) be disjoint Lagrangian tori. Suppose that the inclusion
induces the zero map on fundamental groups for i = 1, 2 . . . , n. Then the L i are smoothly unlinked. If moreover (X, ω) is minimal, then the L i are Lagrangian unlinked.
Let us briefly contrast the above results with previous work on linking of Lagrangian tori. To the authors' knowledge, almost all previous results on linking of Lagrangians were restricted to the class of monotone Lagrangians in R 2n and some Stein manifolds. Thus, the main contribution of the above results is to treat linking of not-necessarily-monotone Lagrangians, and to consider a much wider class of 4-manifolds which includes closed examples.
We remark that Theorem C was already proved by the first author for monotone tori in R 4 in [4, Thm. B] . Beyond the fact that a "random" Lagrangian torus in R 4 is not monotone, it is useful to remove the monotonicity assumption in order to be able to transfer our understanding of linking in R 4 to linking in closed symplectic 4-manifolds. For example, Theorem C is used to deduce a "local unlinking" result for Lagrangian tori via the Darboux theorem; see Corollary 4.4. Theorem D can also be seen as a consequence of the proof of Theorem C, which ultimately relies on a careful analysis of pseudoholomorphic curves under neck-stretching in the spirit of [7] .
It is an open question whether the conclusions of the above theorems can be upgraded to Hamiltonian unlinking. In fact, to the authors' knowledge, there are no results in the literature about Hamiltonian unlinking. Our next theorem can be interpreted as a local Hamiltonian unlinking result and a first step in understanding Hamiltonian linking in more general manifolds.
Theorem E. Any weakly exact rational torus L ⊂ T * T 2 − 0 T 2 is Hamiltonian isotopic in the complement of the zero section to a standard torus of the form T 2 × {p L }, for some choice of global coordinates (q, p) = (q 0 , q 1 , p 0 , p 1 ).
We remind the reader that a closed Lagrangian L in a symplectic manifold (M, ω) is said to be weakly exact if ω(u) = D 2 u * ω = 0 for all maps u : (D 2 , ∂D 2 ) → (M, L). It is said to be rational if the symplectic action class ( The refined version of the Nearby Lagrangian Conjecture for T * T 2 proved in [5, Thm. B] implies that any weakly exact torus in T * T 2 can be mapped to the zero section by an ambient symplectomorphism. Hence Theorem E can also be seen as a statement about Hamiltonian unlinking of two weakly exact tori in T * T 2 with relatively rational symplectic action classes.
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Linking of Lagrangians in T * R 2
In this section we prove Theorem A and deduce some corollaries. We consider the symplectic vector space (R 4 , ω) where we let ω = dx 1 ∧ dy 1 + dx 2 ∧ dy 2 with respect to the coordinates (x 1 , y 1 , x 2 , y 2 ). For u ∈ R, we define
Given a subset S ⊂ R 4 and ǫ > 0, we let Op ǫ (S) denote the set of points of distance from S less than ǫ, measured with respect to the standard flat metric. Fix α 1 < α 2 . For i = 1, 2, let L i be a Lagrangian submanifold which is diffeomorphic to R 2 and coincides with L α i outside a compact set. We suppose moreover that
The next few sections will be devoted to proving Corollary 2.10. This says essentially that L 1 and L 2 are each contained in disjoint hypersurfaces H 1 and H 2 which carry a nice foliation by symplectic leaves. To construct H i for i = 1, 2, we first define it near L i and outside a large compact set; this part of the argument is carried out in Section 2.2. We then "fill in" the missing pieces in Section 2.3 with appropriate families of holomorphic planes. In Section 2.4, we deduce Theorem A and some corollaries from Corollary 2.10.
2.1. Construction of cylindrical almost-complex structures. In this section, we explicitly construct certain almost-complex structures which will be needed later on. The constructions are not very illuminating, so the reader may wish to skip directly to Section 2.2 and return to this section when the need arises.
We write T * (S 1 × R) = R/(2πZ) × R 3 with coordinates (θ, t, r, s) and symplectic form ω can := dt ∧ dθ + ds ∧ dr. The zero section 0 S 1 ×R is given by {t = s = 0}.
We consider constants C 1 > 100 andǫ < 1/100 which will be fixed in Section 2.2.
where the norm is induced by the standard flat metric on S 1 × R. Letting V = t∂ t + s∂ s denote the radial Liouville vector field, Sǫ is a contact manifold with respect to α := i V ω can . Letting t =ǫ cos φ and s =ǫ sin φ for φ ∈ R/(2πZ), we have natural coordinates (θ, r, φ) for Sǫ and we compute that α =ǫ(sin φdθ + cos φdr).
For u ∈ (−1/2, 1/2), let f (u) = C 2 1 + 2u and consider the embedding
It is straightforward to check that F is in fact a symplectic embedding. Letting j denote the standard complex structure on R 4 , one computes that
For i = 1, 2, fix smooth functions ρ i : (R/2πZ) × R 3 − {t = s = 0} → R which satisfy the following properties:
It's clear that functions satisfying the above properties exist. We let J 0 be the unique almost-complex structure on
Lemma 2.1. The almost-complex structure J 0 is cylindrical with respect to the symplectic embedding
where τ is the variable corresponding to (−∞, 0].
Proof. By explicit computation, we find that Ψ * (J 0 )(∂ τ ) = 1 ǫ (cos φ∂ θ + sin φ∂ r ) = R α and that Ψ * (J 0 )( 1 ǫ sin φ∂ θ + cos φ∂ r ) = ∂ φ . Since ker α = span{sin φ∂ θ + cos φ∂ r , ∂ φ }, this proves the claim.
We now define an almost-complex structureJ on R 4 − {x 2 1 + y 2 1 = C 1 , y 2 = 0} by setting
It's straightforward to check using (2.1) thatJ is well-defined and smooth.
Lemma 2.2. The almost-complex structureJ is compatible with the standard symplectic form ω.
Proof. It is enough to prove thatJ is compatible with ω at points F (p) ∈ R 4 − {x 2 1 + y 2 1 = C 1 , y 2 = 0} where p ∈ { (s, t) ≤ 2ǫ}. One first observes that the splitting
Observe that ω also splits as ω = ω 1 ⊕ ω 2 . Hence we only need to check that J k 0 is compatible with ω k for k = 1, 2. This is true for dimension reasons.
2.2. Geometric setup. Given ǫ small enough, the symplectic neighborhood theorem provides embeddings
for i = 1, 2, with the property that: Define the open set
and let Φ : X → R 4 be defined by
One readily checks that Φ is well-defined. Choose C large enough (depending on ǫ, M ) so that the sets
are contained in X for all l ∈ R and i = 1, 2. In particular, this means that the Lagrangian cylinders L
are also contained in X; see Figure 1 . Define τ
We remind the reader that our definition of F , which was stated in Section 2.1, depends on
Next, fixǫ small enough (depending on ǫ, M, C) so that
Using Lemma 2.2, it is straightforward to verify that J ′ is well-defined and compatible with ω. Finally, we fix an almost-complex structure
) which is compatible with ω and such that
). It follows from Lemma 2.1 and the definition of J that this almost-complex manifold has negative cylindrical ends near the Φ(L ± i ) of the form ((−∞, 0] × Sǫ, J cyl ), where J cyl was defined in the paragraph following Lemma 2.1.
2.3.
Filling by J-holomorphic planes. In this section, we will consider punctured holomorphic curves in the almost-complex manifold
Such a plane is unique up to reparametrization.
Let M ± i be the connected component of the moduli space of unparametrized J-holomorphic planes containing u
be the open subset of transversally cut-out planes. Noting that the planes under consideration are asymptotic to a primitive closed geodesic and are therefore simply covered, the reparametrization group acts freely. It follows that (M ± i ) reg is a smooth 1-dimensional (Hausdorff) manifold; see [20, Thm. 0] .
We let
The following lemma show that the elements of U ± i are also transverse for a restricted moduli problem. Lemma 2.3. Given a plane u ∈ U ± i , the linearization of ∂ J through planes whose asymptotic orbit is fixed is surjective.
Proof. It's clear that the standard plane u ± i has vanishing Siefring self-intersection number. Since this number is constant in families, the other planes in U ± i have the same property. Noting that these planes must have vanishing normal Chern number (since u ± i does), it follows from the adjunction formula for punctured holomorphic curves (see [22, (A.6) By combining Lemma 2.5 with the previously observed fact that Ψ ± i is a local diffeomorphism, we conclude that Ψ 
• q| is large enough (here π x 2 (x 1 , y 1 , x 2 , y 2 ) = x 2 ). For |M 1 | large enough and m > M 1 , it follows that the surfaces
are preserved by J and foliate the hypersurface By putting to together the previous lemmas, we find that Ψ ± i is a smooth embedding of U ± i whose image is closed. It follows that Ψ ± i is surjective, and hence a diffeomorphism. We state this as a corollary.
is a J-holomorphic surface. Positivity of intersection and the invariance in families of the intersection number then implies the following properties which we collect as a lemma.
Lemma 2.8. The following properties hold:
(ii) (u
(iii) (u
The analog of (iii) holds with "−" in place of "+". 
Let ev
Proof. First of all, it follows easily using the same argument as in Lemma 2.5 that the (u ± i ) l are standard for |l| > M . We therefore have the same uniform convergence estimates as in [7, Lem. 5.14] , even though the families of planes we are considering here are not compact.
We can therefore apply the argument of [7, Prop. 5.16] , which relies on the uniform convergence estimates of [7, Lem. 5.14] . This provides deformations of the holomorphic planes so that (i) is satisfied. These deformations may moreover be confined in an arbitrarily small neighborhood of the L ± i , which ensures in view of Lemma 2.8 that (iv) is satisfied. The remaining properties (ii) and (iii) now follow directly from the definitions.
Corollary 2.10. There is a smooth codimension 1 hypersurface Q i := l∈R Σ i,l which contains L i and is naturally foliated by the Σ i,l . We have
2.4.
Completion of the proof. The characteristic foliation of Q i induces a symplectic monodromy map
Since L i is Lagrangian, observe that this map sends . We now define maps
Since H i t ≡ 0 for t near {0, 1}, it follows thatQ i is a smooth hypersurface which agrees with Q i outside a compact set. By choosing R large enough, it follows from the above construction thatQ 1 ∩Q 2 = ∅. A straightforward calculation shows that the monodromy mapμ
induced by the characteristic flow alongQ i is the identity, for any N 1 large enough.
Proof. After possibly rescaling (R 4 , ω), we may assume that α 2 = 1. For s ≥ 0, let ℓ s ⊂Q 2 be the line ℓ s := {y 1 = s, x 2 = −3N, y 2 = 1}. Let χ s ⊂Q 2 be the image of ℓ s under the characteristic flow. Observe that χ 0 = L 2 . It now follows from the fact that the monodromy mapμ + 2 is the identity that χ s is a Lagrangian plane standard at infinity for all s ≥ 0. In particular, for s 0 large enough, we have χ s 0 = {y 1 = s 0 , y 2 = 1} ⊂Q 2 .
Let σ s : R 4 → R 4 be the linear symplectomorphisms defined by σ s (
) is a family of Lagrangian embeddings whose image is fixed at infinity and which does not intersect L 0 . The corollary is now a consequence of the following standard lemma.
is independent of t for N 1 large enough. Then there exists a compactly supported Hamiltonian isotopy ψ t :
Proof sketch. We first argue that there exists N 2 ≥ N 1 and a family of Lagrangian embeddings
. This is an easy consequence of the fact that a family of embeddings σ t : R 2 − D R ֒→ R 2 can be extended to an isotopy Σ t : R 2 → R 2 . The symplectic neighborhood theorem implies that there exists a family of compactly-supported smooth isotopies ψ ′ t :
t is a symplectomorphism near Im ι ′ 0 . Finally, we use Moser's lemma to correct ψ ′ t to be a global Hamiltonian isotopy.
Corollary 2.11 is essentially equivalent to the following 4-dimensional strengthening of a theorem of Ekhom-Smith (see [8, Thm. 1.1]), which was stated as Theorem A in the introduction. Letting F x denote the fiber in T * R 2 over x ∈ R 2 , we have the following result.
Corollary 2.13. Let L ⊂ T * R 2 be a Lagrangian embedding which agrees with F x , x = 0, outside a compact set. If L ∩ F 0 = ∅, then L is Hamiltonian isotopic to F x through an isotopy fixed at infinity whose image does not intersect F 0 .
Proof. We may assume that x = (0, 1) ∈ R 2 . Now consider the symplectomorphism
and apply Corollary 2.11 with α 1 = 0 and α 2 = 1.
After possibly translating and forgetting L 1 in the statement of Corollary 2.11, we also deduce a new proof of the nearby Lagrangian conjecture for R 2 , a result originally due to Eliashberg-Polterovich; see [10] .
Lagrangian torus which is standard at infinity, in the sense that it agrees with L 0 = {y 1 = y 2 = 0} outside a compact set. Then L is Hamiltonian isotopic to L 0 .
Stretching the neck along Lagrangian tori
In this section, we consider a union L = L 1 ∪. . . L n ⊂ (R 4 , ω) of pairwise disjoint Lagrangian tori. Our goal is to prove the following proposition.
Proposition 3.1. After possibly relabeling the L i , we can assume that L 1 bounds a solid torus in R 4 − ∪ j>1 L j . Moreover, this solid torus is foliated by symplectic disks and the monodromy map induced by the characteristic foliation is the identity. Remark 3.2. We do not know if the Lagrangian isotopy can be taken to fix the component
The proof of Proposition 3.1 will occupy the rest of this section and uses both "hard" and "soft" tools.
3.1. Setting up the neck-stretching analysis. Let L 1 , . . . , L n ⊂ (R 4 , ω) be pairwise disjoint Lagrangian tori. Choose R > 0 sufficiently large so that the polydisk
where ω R is a rescaling of the standard symplectic form such that ω R (S 2 ) = πR 2 . Let D ∞ := S 2 × S 2 − P(R, R) be the divisor at infinity.
Let g be a flat metric on T 2 . For r > 0, we let
and let
After possibly rescaling the symplectic form on S 2 × S 2 , we can assume that S * ≤4 T 2 is contained in the domain N (0 T 2 ) of the φ i for i = 1, . . . , n. Let J std and J cyl be almost-complex structures on T * T 2 and R×S * 1 T 2 constructed as in [7, Sec. 4] . Fix a compatible almost-complex structure
we can assume that it is regular for all simply-covered (possibly punctured) holomorphic curves [see McDuff and Salamon]. Indeed, this follows from the fact that every J ∞ holomorphic curve must intersect the complement of N (L).
We now construct for τ ≥ 0 a family J τ of compatible almost-complex structures on S 2 × S 2 by following the procedure described in [7, Sec. 2.5] . Unlike in [7] where one only considers a single torus, our family J τ degenerates simultaneously along the L i . We say that the J τ are obtained by stretching the neck (or splitting) along L.
A well-known theorem of Gromov guarantees that the holomorphic foliations in the classes [S 2 × * ] and [ * ×S 2 ] persist for all J τ . Given a sequence u τ i of J τ i -holomorphic spheres in either of these classes, it follows from the SFT compactness theorem that, after possibly passing to a subsequence, the u τ i converge to a holomorphic building u; see Definition 3.3.
We define a holomorphic building (or split holomorphic curve) inside the split symplectic manifold
as in [7, Sec. 2.4] . In particular, we assume that all holomorphic curves under consideration have genus zero. Following [7, Sec. 2.4], we say that a punctured holomorphic curve associated to a building is in the top level if it maps into S 2 × S 2 − L. We say they it is a middle level if it maps into R × S * 1 L i for some i = 1, . . . , n. We say it is in the bottom level if it maps into T * L i for some i = 1, . . . , n.
A pseudoholomorphic curve with domain CP 1 − {∞} = C is called a pseudoholomorphic plane, while a pseudoholomorphic curve with domain CP 1 − {0, ∞} will be called a pseudoholomorphic cylinder.
A holomorphic building u inside (S 2 × S 2 − L) ∪ T * L can be compactified to form a continuously embedded surface Σ inside S 2 × S 2 . We say that u represents the class [Σ] ∈ H 2 (S 2 × S 2 ; Z). If u is a limit of holomorphic curves of class α ∈ H 2 (S 2 × S 2 ; Z), then it can be shown that [Σ] = α. If this surface is a sphere, we say that u is an split sphere of class [Σ] .
Following [7] , a split sphere of class [S 2 × * ] or [ * × S 2 ] is said to be of Type I if it consists of a single bottom level cylinder along with two top-level planes, each of which is asymptotic to a geodesic of Maslow index 2.
In particular, note that a Type I building has components with punctures asymptotic to only one of the tori
as follows. Fix a compatible complex structure on T * X. Given an embedded surface Σ with ∂Σ ⊂ L, choose a generic section s of ∧ 2 C T * X which belongs to the totally real sub-bundle ∧ 2 (T * L) ⊂ ∧ 2 C T * X over ∂Σ, and which moreover is nonvanishing there. Then c rel 1 ([Σ]) is the algebraic count of zeros of s. We define the Maslov class µ ∈ H 2 (X, L; Z) by µ := 2c rel 1 . One can show that in the case where L is connected (so one of the L i is empty), the pullback of µ via the Hurewicz map π 2 (X, L) → H 2 (X, L; Z) defines a map π 2 (X, L) → Z which agrees with the "usual" Maslov class; see [4, Lem. 9.2] .
Finally, if we view X − L as a symplectic manifold with negative cylindrical ends (−∞, a] × S * T 2 , then we can consider c Φ 1 (−) which is defined as in [7, Sec. 3 .1]. Proposition 3.4 (Sec. 3.1 in [7] ). Given a punctured curve u : Σ → X − L with asymptotic orbits γ 1 , . . . , γ n , then we have
where δ > 0 is sufficiently small.
3.3.
Start of the proof and index analysis. We stretch the neck along L ⊂ S 2 × S 2 in the class [S 2 × * ] according to the procedure described in Section 3.1. Closely following [7, Sec. 3] , let us collect some properties which are satisfied by the resulting split-spheres. Throughout this section, we always consider split spheres in the split symplectic manifold ( Proof. Since J ∞ is regular for simply-covered punctured curves, this follows from the proof of [7, Lem. 3.3] . Proposition 3.6. Suppose that u is a split sphere for a regular almost complex structure J ∞ . Then the sum of the Fredholm indices of the top-level components of u is 2. Moreover, all components in the building have exactly one or two punctures. All top-level components with two punctures have Fredholm index 0.
Proof. The fact that the sum of the Fredholm indices of the top level components is at most 2 follows from the analysis of [7, Prop. 3.5] . For topological reasons, any building must have at least two planes, which must all be in the top level. Hence it follows from Proposition 3.5 that the total index of the top level planes is at least 2. It then also follows from the non-negativity of the index in Proposition 3.5 that all other top level components must have Fredholm index zero.
The fact that all components of the building have exactly one or two punctures also follows from the proof of [7, Prop. 3.5] . The basic argument is as follows: if there were a component of the building having three or more punctures, then this would imply (due to the fact that the building has genus 0) that the building has three or more planes, which is impossible in view of the previous paragraph.
Corollary 3.7. Supposing as in the previous proposition that u is a spit sphere, then all planes in the top level of u compactify to Maslov 2 disks. In particular, all planes have simply-covered asymptotic orbits. Moreover, all twice punctured spheres compactify to cylinders which have vanishing Maslov class.
Proof. The Fredholm index of a punctured sphere u :
where u is the compactification of u; see Proposition 3.4. Supposing first that u is a plane, it follows by combining Proposition 3.5 and Proposition 3.6 that µ(u) = 2. If u is a twice punctured sphere, then it follows from Proposition 3.6 that u has Fredholm index 0, and hence µ(u) = 0 as claimed.
Since a plane of Maslov index two that is disjoint from the divisor D ∞ must have a simply covered orbit, we deduce that all remaining components of the building u also must have simply covered orbits. (Recall that there are no contractible closed geodesics for the flat metric.) 3.4. Analysis of the split spheres. We now begin our analysis of the split spheres which arise from stretching the neck along L.
Proposition 3.8. For i = 1, . . . , n, there exists a dense subset U i ⊂ L i and a Maslov 2 class ζ i ∈ H 1 (L i ; Z) (relative the natural trivialisation of T P(R, R)) such that the following property is satisfied: if p ∈ U i , then any split sphere whose compactification passes through p is of Type I, and has all of its asymptotic orbits representing the classes ±ζ i . Moreover, such a split sphere exists.
Remark 3.9. The sets U i which we will exhibit are not merely dense: in fact, the U i have full Lebesgue measure and the points of U i can be thought of as generic. More precisely, it will follow from the proof that the L i − U i is a countable union of geodesics for the flat metric on L i . According to Proposition 3.8, we can introduce the following assumption which will be in force throughout the rest of the proof of Proposition 3.1, i.e. until the end of Section 3.5.
Assumption. We assume that the labeling L = L 1 ∪· · ·∪L n is chosen so that ζ i ≤ ζ j whenever i ≤ j.
We emphasize that this labeling depends on the choice of neck-stretching sequence; it is not intrinsic to the Lagrangians.
A key step towards proving Proposition 3.8 is the following technical lemma.
Lemma 3.10. For i = 1, . . . , n, there are at most countably many Reeb orbits of S * L i which occur as the asymptotic orbits of a J ∞ -holomorphic cylinder of Fredholm index zero.
Proof. Recall the standard functional analytic setup for punctured holomorphic curves with Morse-Bott asymptotic orbits, as described for instance in [20, Sec. 3.2] . As usual, we write
For p > 2 and δ > 0 small enough, we consider the separable Banach manifold B = B 1,p,δ (Σ, W ; P Γ ). Let M(P Γ ) ⊂ B be the moduli space of simply-covered J ∞ -holomorphic cylinders. Since J ∞ is transverse for simply-covered curves, the moduli space M(P Γ ) is a smooth manifold whose dimension at a point u ∈ M(P Γ ) is the Fredholm index of u.
Let M(P Γ ) 0 ⊂ M(P Γ ) ⊂ B be the submanifold of curves of Fredholm index zero. Observe that M(P Γ ) 0 ⊂ B is a discrete subset. Since B is separable, it follows that M(P Γ ) 0 is countable. It follows that there are at most countably many Reeb orbits occurring as orbits of a cylinder in M(P Γ ) 0 . Since there is a countable choice of pairs P Γ , the lemma follows.
Remark 3.11. The fact that B is separable is not explicitly stated in [20, Sec. 3.2] , but it is not hard to verify. The Banach manifolds which one meets in holomorphic curve theory are usually separable since the Sard-Smale theorem requires separability.
Proof of Proposition 3.8. For i = 1, . . . , n, let U i be the complement of the union of the geodesics which occur as the projection of asymptotic orbits of a cylinder of Fredholm index zero. It follows from Lemma 3.10 that the U i are dense. To see that there exists a split sphere passing through any p ∈ U i , it is enough to observe that there exists a J n -holomorphic sphere passing through p for all n ≥ 0. The limit of such spheres under neck stretching is the desired split sphere.
If u is a split-sphere whose compactification passes through some p ∈ U i , then it follows from Proposition 3.6 and the definition of U i that the top-level components of u consists of two index 1 planes and nothing else (in particular, there are no cylinders). These planes must be joined by a bottom-level cylinder, from which we conclude that u is of Type I. These planes compactify to Maslov 2 disks according to Proposition 3.4.
To complete the proof, let us suppose that u 1 and u 2 are Type I spheres whose compactification passes through p 1 , p 2 ∈ U i , and which have asymptotic orbits representing the Maslov 2 classes η 1,i and η 2,i respectively, where η 1,i , η 2,i ∈ H 1 (L i ; Z). Suppose for contradiction that η 1,i = η 2,i . Observe for j = 1, 2 that u j has a bottom-level cylinder C j with asymptotic orbits representing the classes ±η j,i . A full classification of such cylinders is described in Section 4 of [7] . In particular, according to [7, Cor. 4 .3], any two bottom-level cylinders whose asymptotic orbits are not colinear intersect non-trivially in a discrete set.
This can be seen to give a contradiction by appealing to [7, Lem. 5.8] . Indeed, since the Maslov 2 classes η 1,i and η 2,i are distinct, they are not colinear and it follows that the C j intersect non-trivially in a discrete set. By positivity of intersection, these intersections are all positive. Lemma 5.8 of [7] now allows us to glue the components of u 1 and u 2 to obtain two cycles representing the class [S 2 × * ] ∈ H 2 (S 2 × S 2 ; Z) and intersecting positively. This is the desired contradiction. Proof. Given a split sphere u, Proposition 3.8 guarantees that we can choose Type I split spheres with orbits in the classes ±ζ i which do not have any orbits in common with u. We may therefore appeal to [7, Lem. 5.8] , from which it follows that all the orbits of u represent nonzero multiples of the classes ±ζ i .
It remains to prove that these orbits must in fact represent the classes ±ζ i . It is enough to show that all orbits represent Maslov ±2 classes. To this end, note that at most one component of the split sphere intersects D ∞ .
Note that a Maslov 0 cylinder inside R 4 − L is asymptotic to two geodesics whose Maslov indices come with different signs (with respect to the trivialisation of R 4 ). Since the top level components consist of precisely two Maslov 2 planes together with a number of Maslov 0 cylinders by Corollary 3.7, the claim now follows. Definition 3.13. A J ∞ -holomorphic Maslov 2 plane u : C → S 2 × S 2 − L that is asymptotic to a closed geodesic on L 1 in the class ζ 1 and which is disjoint from D ∞ is said to be a small plane. We let M s (J ∞ ) denote the moduli space of small planes.
Lemma 3.14. If γ is a closed geodesic on L i which represents the class ζ i , then there there is a split sphere having a bottom-level cylinder with two positive ends asymptotic to ±γ.
Proof. We argue as in [7, Lem. 5.12] . Fix p ∈ γ. Consider the sequence of J l -holomorphic spheres u l passing through p and extract a subsequence converging to some building u. We already argued in Proposition 3.12 that the asymptotic orbits of u must all represent ±ζ i for i = 1, . . . , n. According to the classification of holomorphic cylinders in [7, Lem. 4 Proof. First of all, note that the small planes symplectic area ω(ζ 1 ). Hence, they satisfy the appropriate energy bounds for applying the SFT compactness theorem; see the appendix of [4] for details regarding this standard fact. It follows that any sequence {u i } ∞ i=0 admits a subsequence converging to a building u which is asymptotic to some geodesic γ representing the class ζ 1 .
According to Proposition 3.15, there is a small plane v with orbit asymptotic to γ which occurs as a component of some split sphere v. Arguing now as in the second paragraph of the proof of Proposition 5.11 in [7] , we observe that the union u ∪ (v − v) is a split sphere in the class [S 2 × * ]. Applying now Proposition 3.12 to the split sphere u ∪ (v − v), it follows that the components of u have orbits in the classes ζ i ∈ H 1 (L 1 ; Z). We conclude by area considerations that u was in fact a small plane.
3.5. End of the proof. By the compactness of the moduli space of small planes established in Proposition 3.16, there is a neighborhood N of L − L 1 which does not intersect any of the small planes. LetJ ∞ be an arbitrary extension of J ∞ over N . We now repeat the whole neck stretching procedure with different data: namely, we replace J ∞ withJ ∞ and we stretch along
This is in fact precisely the setup considered in [7] . We can therefore appeal directly to the results of their analysis. Observe first that there is a natural embedding
Moreover, it is shown in [7, Lem. 5.13 ] that every geodesic γ representing ζ 1 ∈ H 1 (L 1 ; Z) occurs as the asymptotic orbit of at most oneJ ∞ -holomorphic small plane. It follows from Proposition 3.15 that (3.1) is a bijection, which means that the two moduli spaces in fact coincide.
We can therefore deduce the following proposition from [7, Prop. 5.11]:
Proposition 3.17 (cf. Prop. 5.11 of [7] ). With M s (J ∞ ) defined as above, the following properties hold:
The smoothing procedure from [7, Sec. 5.3] applied to the moduli space of small planes can now be used to construct a smoothly embedded solid T ⊂ R 4 − ( i>1 L i ) with boundary equal to L 1 . This solid torus is moreover foliated by symplectic discs by construction. The characteristic distribution ker ω| T T integrates to a monodromy of the disc leaf, which is a symplectomorphism that fixes the boundary. By [7, Thm. 6 .1] the Lagrangian isotopy class of a Lagrangian torus that bounds a solid torus is determined by its homotopy class, under the stronger assumption that the aforementioned monodromy is the identity.
We are now in a position to complete the proof of Proposition 3.1.
The structure of the argument is entirely analogous to that of [7, Sec. 6] . Rather than attempting to systematically list the many small modifications which are needed, we simply recall the main steps and leave it to the reader to fill in the details.
To this end, observe that we have already proved most of Proposition 3.1: the only piece missing is the requirement that the monodromy map is the identity. As in [7, Sec. 6 .2], the monodromy can be corrected by applying a Lagrangian suspension. This allows one to change the monodromy at the cost of isotoping annular subdomain of L 1 by some distance which depends on the size of the Hamiltonian generating the monodromy.
If we naively perform a Lagrangian suspension, we may create self-intersections and/or intersections with the other Lagrangians (the second possibility does not occur in [7] ). However, the so-called inflation technique can be used to avoid this issue. The inflation shrinks the Lagrangian L (through Lagrangians) and thus shrinks the size of the Hamiltonian which is needed to perform the suspension. This can be carried out exactly as in [7, Sec. 1].
Applications to linking
In this section, we apply the holomorphic curve analysis of the previous section to study linking of Lagrangian tori in symplectic 4-manifolds. In particular, we prove Theorem C and Theorem D from the introduction. 4.1. Unlinking Lagrangian tori in R 4 . We remind the reader of the following definition. 
The following theorem was stated as Theorem C in the introduction and can be though of as a 1-parametric h-principle for Lagrangian embeddings of a pair of tori in R 4 . Indeed, it implies that a collection of Lagrangian tori in R 4 are Lagrangian unlinked if and only if the obvious algebro-topological obstructions vanish.
induces the zero map on fundamental groups for i = 1, 2 . . . , n, then the L i are Lagrangian unlinked. 
Proof. According to Proposition 3.1, we can assume that L 1 bounds a smoothly embedded solid torus in R 4 − j>1 L j which is foliated by symplectic disks, and such that the monodromy map induced on the disks by the characteristic foliation is the identity. Let γ be the core of the solid torus. Since the inclusion L 1 → R 4 − j>1 L j induces the zero map on fundamental groups, it follows that γ can be isotoped into some ball B 1 which is far away from the other Lagrangians.
Arguing now as in [7, Sec. 6 .3], L 1 can be isotoped through Lagrangian tori to a circle bundle over γ by contracting the leaves of the bounding solid torus. The isotopy taking γ into B 1 can also be extended to an isotopy of this circle bundle which therefore will not intersect the other Lagrangians if the circle fibers are small enough. This produces a Lagrangian isotopy which takes L 1 into B 1 without intersecting the other Lagrangians. By the isotopy extension theorem, it can be extended to a global smooth isotopy which is constant on the other Lagrangians.
We now argue by induction. Let us suppose for 1 ≤ k < n that there exists an isotopy taking L 1 , . . . , L k into balls B 1 , . . . , B k which are pairwise disjoint and disjoint from the other Lagrangians. We can freely assume that B 1 , . . . , B k are far away from L k+1 , . . . , L n . Hence we can repeat the argument of the previous paragraph to find an isotopy taking L k+1 into a ball B k+1 which is disjoint from B 1 , . . . , B k and from L k+2 , . . . , L n . This completes the proof.
The proofs of the following corollaries rely both on the the statement of Theorem 4.2 and on its proof. Definition 4.5. Let L ⊂ (R 4 , ω) be a Lagrangian torus. We define
In [4, Sec. 5], one considers a notion of "admissible tori" in (R 4 , ω). Roughly speaking, these are tori whose µ-infimal class has a non-zero count of holomorphic disks. We now have the following corollary: Proof. By taking U small enough, can assume that it is contained in some larger neighborhood V which is symplectomorphic to a polydisk in R 4 . We now compactify this polydisk to S 2 × S 2 and run the entire argument of Section 3 in exactly the same way. The claim then follows by an easy modification of the proof of Theorem 4.2 (since the isotopies are confined to a polydisk, we cannot move the Lagrangians off to infinity. However, we can shrink them into arbitrarily small balls, so the substance of the argument is unchanged).
4.2.
Unlinking Lagrangian tori in symplectic rational surfaces. Let (X, ω) denote either (CP 2 , ω) or (S 2 × S 2 , aω ⊕ bω), where a, b > 0 and ω always denotes the Fubini-Study form of unit volume on CP 2 and S 2 = CP 1 respectively. If X = CP 2 , let D ∞ ⊂ X be a fixed complex line (which we think of as the line at infinity). If X = S 2 × S 2 , let D ∞ ⊂ X be the divisor S 2 × {∞} ∪ {∞} × S 2 , where ∞ ∈ S 2 is a fixed point. Proof. According to Lemma 4.9, we can assume that L 1 ∪ · · · ∪ L n ⊂ X − D ∞ . For X = S 2 × S 2 , we then simply repeat the arguments of Section 3 without change. For X = CP 2 , the complement of D ∞ is a symplectic ball B. We embed B into a polydisk P and then again repeat the arguments of Section 3. We require however the almost-complex structure J on S 2 × S 2 which we degenerate by neck-stretching is standard in the complement of B ⊂ P ⊂ S 2 × S 2 . After possibly relabeling the Lagrangians, we find that L 1 bounds a solid torus foliated by symplectic disks. This solid torus must be contained in B due to our assumption that J (and hence J ∞ ) is standard on S 2 × S 2 − B.
Proof. Applying Proposition 4.10, the proof is identical to that of Theorem 4.2.
We move on to discussing linking of tori in general rational symplectic 4-manifolds. Let us begin by reviewing the notion of symplectic blowup and blowdown, closely following [16, Chap. 7] .
Let O(1) be the tautological line bundle over CP n−1 . It admits two natural projections pr : O(1) → CP n−1 and π : O(1) → C n , where pr is the bundle projection onto the base and π(ℓ, x) = x for x ∈ C n and x ∈ ℓ ∈ CP n−1 . For λ > 0, letω λ := π * ω 0 + λ 2 pr * ω F S , where ω 0 is the standard symplectic form on C n and ω F S is the Fubini-Study form on CP n−1 , normalized so that CP 1 has area λ. For r > 0, let B(r) ⊂ C n be the (closed) ball of radius r centered at the origin. Let L(r) = π −1 (B(r)). Letting Z ⊂ O(1) be the zero section and fixing the symplectic formω λ on O(1), it can be shown that L(r) − Z is symplectomorphic to B( √ λ 2 + r 2 ) − B(r). Let us now consider a symplectic 2n-manifold (X, ω) and a sphere Σ ⊂ X whose normal bundle is isomorphic to O(1). (If 2n = 4, this is equivalent to the condition that Σ has self-intersection −1.) It follows from the symplectic neighborhood theorem that Σ has a neighborhood which is symplectomorphic to L(ǫ) for some ǫ > 0. The blowdown of X along Σ is now constructed by replacing Σ by B(ǫ), using the fact that L(ǫ) − Z is symplectomorphic to B( √ λ 2 + ǫ 2 ) − B(ǫ). The resulting manifold is uniquely defined up to symplectomorphism. The inverse operation is called the blowup and is defined as follows. Given a symplectic embedding B(λ) ֒→ (X, ω), it can always be extended to a symplectic embedding B( √ λ 2 + ǫ 2 ) for some ǫ > 0. One now replaces B( √ λ 2 + ǫ 2 ) with L(ǫ). This operation is also well-defined up to symplectomorphism, and in fact depends only on the symplectic isotopy class of the embedding B(λ) ֒→ (X, ω).
It will be convenient to record the following definition.
Definition 4.12.
A symplectically embedded sphere u : S 2 → (X 4 , ω) of self-intersection −1 is said to be an exceptional sphere. Note that c 1 (
, which implies that c 1 (u) = 1.
We now have the following proposition, whose proof largely follows [11] .
. . , L n be Lagrangian tori in a symplectic 4-manifold (X, ω). Given a collection S 1 , . . . , S l of disjoint exceptional spheres, there exists a Hamiltonian isotopy of (X, ω) which takes the L i into the complement of
Proof. Choose a compatible complex structure J 0 so that the E i are J 0 -holomorphic. After possibly perturbing J 0 , we can assume that it is generic: indeed, by Definition 4.12 and automatic transversality (see [17, Lem. 3.3.3] ), the exceptional curves are transversely cut-out, so they survive under small perturbations of the complex structure. It also follows from positivity of intersection that the curves remain disjoint when perturbing the complex structure. Now stretch the neck along L = n i=1 L i as in Section 3.1. This produces a sequence of complex structures {J n } ∞ n=0 which agree outside of a small neighborhood of L. Note that J n is regular for simply-covered curves due to our genericity assumption on J 0 . For each n ≥ 0, choose a generic path {J s } s∈[n,n+1] joining J n to J n+1 . According to [21, Thm. 5.1] , the E i are represented by unique, disjoint J s -holomorphic curves which vary smoothly as s varies. Let E s i be the unique J s -holomorphic sphere isotopic to E i . We claim that the E n i are disjoint from L for n large enough. Suppose for contradiction that this is not the case. After possibly relabelling the E i , we can assume that E n 1 intersects L for all but finitely many n ∈ N. By the SFT compactness, the E n 1 converge to a holomorphic building u ∞ which must have a non-empty bottom level.
A straightforward topological argument shows that the building u ∞ must have two planes u 1 , u 2 , which must live in the top level. According to the index formula in Proposition 3.4, we have ind(u i ) = −1 + 2c Φ 1 (u i ). In particular, we must have c Φ 1 (u i ) > 0 since the u i are transversely cut out (if the u i are multiple covered, we can pass to the cover and run the same argument). On the other hand, the relative first Chern number is additive under gluing of building components. Moreover, as noted in [7, Lem. 3 .1], c Φ 1 (v) = 0 for any curve v in a middle or bottom level. It follows that c 1 (
This is a contradiction since c 1 (E i ) = 1, as observed in Definition 4.12.
We have produced an isotopy of the E i through symplectic spheres which becomes disjoint from L. It is well-known (see for instance [19, Prop. 0.3] ) that such an isotopy extends to a global Hamiltonian isotopy {φ t } t∈ [0, 1] . Observe finally that φ −1 1 (L) is disjoint from the E i , which completes the proof.
Remark 4.14. Strictly speaking, we need the J n to be generic in order to appeal to [21, Thm. 5.1] in the above argument. However, the proof only needs the fact that J n is transverse for simply-covered curves. 
, one of them bounds a solid torus in the complement of the others.
Proof. According to Proposition 4.13, we can assume after moving the tori by a global Hamiltonian isotopy that they do not intersect the exceptional spheres of (X,ω). They therefore map to tori in (X, ω) by blowing down. According to Proposition 4.10, one of these tori, say L 1 , bounds a solid torus S 1 . Observe that the blowdown map is a symlectomorphism away from a collection of disjoint balls B 1 , . . . , B l ⊂ X, and that the L i are contained in X − l j=1 B j . Since the B j are contractible, we may assume after possibly isotoping S 1 while keeping its boundary fixed that 
induces the zero map on fundamental groups for i = 1, 2 . . . , n, then the L i are smoothly unlinked.
Proof. According to Proposition 4.17, (M, ω) is a blowup of (CP 2 , ω) or (S 2 × S 2 , aω ⊕ bω) along a union of disjoint balls. By Lemma 4.15, we may assume after possibly relabelling the tori that L 1 bounds a smoothly embedded solid torus which is contained in the complement of L 2 ∪ · · · ∪ L n . The remainder of the proof is now analogous to that of Theorem 4.2: since ι 1 induces the zero map on fundamental groups, we can isotope L 1 into a small ball B 1 which is disjoint from the other tori. We now proceed by induction, repeating the same argument with one fewer torus until the process terminates.
Hamiltonian unlinkedness of weakly exact tori
The goal of this section to prove Theorem 5.3. This theorem gives a classification up to Hamiltonian isotopy of weakly exact, rational Lagrangian tori in T * T 2 − 0 T 2 , i.e. in the complement of the zero section. Since any weakly exact torus in T * T 2 can be mapped to the zero section by an ambient symplectomorphism -see the solution [7, Theorem B] to the nearby Lagrangian conjecture for T * T 2 -this can be seen as a statement about Hamiltonian unlinking of two weakly exact tori in T * T 2 with relatively rational symplectic action classes.
Some background.
Recall the following definition.
In this section we consider a weakly exact Lagrangian torus L ⊂ (T * T 2 , p dq) which is disjoint from the zero section 0 T 2 ⊂ T * T 2 . For our proof it is crucial that the Lagrangian torus satisfies the following additional property.
It is unclear to us whether or not this condition can be removed. We now have the following theorem, which was stated as Theorem E in the introduction Theorem 5.3. Any weakly exact rational Lagrangian torus L ⊂ T * T 2 which satisfies L∩0 T 2 = ∅ is Hamiltonian isotopic in the complement of 0 T 2 to a standard torus
Since L is weakly exact, it's not hard to show that L becomes exact after translation by the graph of a suitable closed 1-form; see [5, Lem. 9.2] . It then follows from the nearby Lagrangian conjecture for T 2 proved in [7, Thm. B] that L is Hamiltonian isotopic to a standard torus T 2 × {p L }. The new content of Theorem 5.3 is thus that the isotopy can be confined to the complement of the zero section.
Remark 5.4. We make the following two remarks.
(1) It is clear that a torus which satisfies the hypotheses of Theorem 5.3 cannot be exact. This follows from the classical non-displaceability results of Laudenbach-Sikorav [14] or Floer [12] ; the fibre-wise rescaling of T * T 2 induces a Hamiltonian displacement of any hypothetical exact Lagrangian in the complement of the zero section. (2) One can strengthen the above result to include Lagrangian tori which are weakly exact inside the smaller symplectic manifold T * T 2 − 0 T 2 . In fact, a neck-stretching analysis can readily show that such tori are also weakly exact in T * T 2 .
The main work consists in showing the following.
Proposition 5.5. Assume that L ⊂ T * T 2 is weakly exact and satisfies L ∩ 0 T 2 = ∅. Then there exists a Lagrangian isotopy
. If L moreover is rational, then we may assume that the symplectic action satisfies
for some smooth path g t ∈ R.
We will now show that Theorem 5.3 is an easy consequence of the above result combined with [5, Theorem B] . We first recall the following standard fact.
is constant (i.e. independent of s) then the isotopy is in fact Hamiltonian.
, one computes that Φ * (ω) = Φ * (dλ) = dΦ * (λ) = α s ∧ ds. It now follows from [18, Exercise 6.1] that the isotopy φ s is Hamiltonian if and only if α s is exact for all s ∈ [0, 1]. The hypothesis of the lemma guarantees that α s is indeed exact.
Proof of Theorem 5.3. The path of toriL t := e −gt · L t given as the image of L t under a path of suitable fibre-wise rescalings is generated by a Hamiltonian isotopy by Lemma 5.6. This thus is a Hamiltonian isotopy that takesL 0 = L into intoL 1 ⊂ T 2 ×(e −g 1 ·U ) where e −g 1 ·U ⊂ R 2 −{0} again is convex. The proof is now finished by a direct application of [5, Theorem B].
The setup.
Since an arbitrary Lagrangian torus can be approximated by a rational one after a C ∞ -small Lagrangian isotopy in its Weinstein neighbourhood, we can restrict attention to rational Lagrangians when proving Proposition 5.5. In the remainder of this section we now assume that L ⊂ T * T 2 −0 T 2 is a Lagrangian torus that satisfies the assumption of Theorem 5.3.
We fix an identification T 2 = S 1 × S 1 , which gives rise to a basis
It is known that the canonical projection L ֒→ T * T 2 → T 2 is a homotopy equivalence for any weakly exact Lagrangian; see [7, 
with respect to this basis; we also write
The assumption of rationality makes it possible to simplify the problem to the following particular case: after a fiber-wise rescaling (a conformal symplectomorphism) and a symplectomorphism of T * T 2 induced by a diffeomorphism of T 2 = S 1 × S 1 , we may assume that symplectic action class of the weakly exact rational torus L takes the value (p L 1 , p L 2 ) = {(0, a)} for some number a > 0.
Remark 5.7. To justify this, observe that fibre-wise rescalings and canonical symplectomorphisms of T * T 2 induced by the action of Sl 2 (Z) on T 2 preserve the Lagrangian condition, and maps T 2 × U for any convex subset U ⊂ R 2 − {0} to a subset of the same type.
In particular, we apply a suitable fibrewise rescaling so that
As in the previous section, the first step in proving Proposition 5.5 is to analyze the limit of a pseudoholomorphic foliation of S 2 × S 2 obtained by stretching the neck. Once again, we consider
At this point the choice of identification of T 2 with a product S 1 × S 1 plays a very important role.
The compactification (S 2 × S 2 , ω ⊕ ω) of the open symplectic manifold
for which 0 T 2 = L 0 := S 1 × S 1 is identified with the monotone torus given as the product of equators, and where
(to achieve this the above fibrewise rescaling was of course crucial). Here
is the nodal divisor consisting of four lines and
In the following we will direct special attention to the homology class
of a line in the first component, which is of minimal symplectic area. When stretching the neck around Lagrangian tori inside D * 1/2,g S 1 × D * 1/2,g S 1 we will only consider sequences of almost complex structures J τ which are equal to the standard product complex structure near the divisor D ∞ . (This causes no problem, since it is disjoint from both tori.) 5.3. Neck-stretching. Consider the class of holomorphic lines in the class A ∈ H 2 (S 2 × S 2 ) of minimal symplectic area and their limit under a neck-stretching sequeqence J τ , τ → +∞, around the disjoint tori L 1 := L and L 0 := S 1 × S 1 simultaneously. We will always consider neck-stretching sequences that satisfy J τ ≡ i in some fixed neighbourhood of D ∞ . Furthermore, we will also assume that the neck-stretching data is chosen with respect to the canonical Weinstein neighbourhood
of the zero section. As a consequence, we can assume that the limit almost complex structure
satisfies Part (1) of the following lemma:
Lemma 5.8.
(1) There exista a neck-stretching sequence for which the limit almost complex structure
, when considered in some neighbourhood of L 0 , becomes identified with the standard cylindrical almost complex structure J cyl on T * T 2 − 0 T 2 under the canonical identification
that preserves the product structures. (2) There exists a complex structure J ∞ on S 2 × L 0 which is of the form described in Part (1) near L 0 , and for which each standard line
This particular choice of neck stretching sequence will turn out to be useful in the proof of Proposition 5.10 below.
The following lemma is proven by elementary topological considerations, while taking the homotopy classes and symplectic action classes of L i into account. It gives a strong control on the possible limits of lines in the homology class A ∈ H 2 (S 2 × S 2 ) when stretching the neck.
Lemma 5.9. Any possibly broken holomorphic sphere in class A for a stretched almost complex structure on S 2 × S 2 − (L 0 ∪ L 1 ) as above consists of at most two components in its top level, which moreover are planes asymptotic to geodesics in the classes ±e Proof. Positivity of intersection, together with the holomorphicity of D ∞ , shows that any pseudoholomorphic line (broken or not) in the homology class A ∈ H 2 (S 2 × S 2 ) is disjoint from S 2 × {0, ∞} while it intersects each component of {0, ∞} × S 2 transversely in a unique point.
Since L 0 and L 1 were endowed with the flat metric, it follows that any closed geodesic on either torus is homologically essential inside S 2 × S 2 − D ∞ . (Here we have used the assumption that L 0 and L 1 both are homologically essential.) Hence all pseudoholomorphic planes asymptotic to either torus must intersect D ∞ . Together with the intersection properties established in the previous paragraph, we conclude that there exists precisely two planes and, moreover, that any plane asymptotic to L 1 (resp. L 0 ) is asymptotic to geodesics in the classes ±e
The remaining top level components of the building must thus consist of cylinders contained inside
. An elementary topological argument, which takes the asymptotics of the planes as established above into account, now shows that any puncture of a sphere that arises in a broken line in homology class A can be asymptotic to geodesics only in homology classes of the form ±e The statement finally follows from the topological fact that any cylinder as above has vanishing symplectic area, by the assumptions on the symplectic action classes of L i ; hence it cannot be pseudoholomorphic for a compatible almost complex structure. Figure 2 . On the left: a split sphere of type I (the generic configuration), with each of the planes intersecting D ∞ transversely in a single point. On the right: a hypothetical split sphere of type II (the exceptional configuration). The cylinder is neccessarily disjoint from D ∞ and hence has vanising symplectic area.
We are now ready to perform our neck-stretching argument to produce symplectic S 2 -fibrations that are compatible with L 0 and L 1 in the following sense.
Lagrangian torus that is disjoint from L 0 and for which the conclusions of Lemma 5.9 hold for some stretched almost complex structure on
. Then there exists a smooth family of smooth symplectic S 2 -fibrations
with J t -holomorphic fibers, where J t is a smooth family of compatible almost complex structures that are standard near D ∞ , and for which the following properties are satisfied:
is the hypersurface that contains L 0 and which is foliated by fibres of the canonical projection pr 2 : S 2 × S 2 → S 2 to the second factor, (2) π −1 t (∞) = S 2 × {∞} and π −1
is the equator for all t ∈ [0, 1]; see Figure 3 ,
is an embedded closed curve that is contained in the complement of the equator, (5) Each fibre π −1 t (e iθ ) that lives above some point e iθ ∈ S 1 in the equator coincides with a standard line S 2 ×{e ift(θ) } inside some small fixed neighbourhood of L 0 , where f t : S 1 → S 1 is a family of diffeomorphisms that depend smoothly on t ∈ [0, 1].
Proof. We start with the construction of the fibration π 1 . This is done by first stretching the neck around L 0 and L 1 simultaneously as described in the beginning of this subsection. We then consider the SFT-limit of lines in class A ∈ H 2 (S 2 × S 2 ). By the assumption that the conclusions of Lemma 5.9 are satisfied, we infer that any broken line is asymptotic to precisely one of the two tori L i , i = 0, 1. This means that the arguments from [7] (which considered the case of a single Lagrangian torus) can be directly applied in this situation as well, in order to produce symplectic S 2 -fibrations which are compatible with both tori L i simultaneously. In particular, we obtain a fibration π 1 induced by a compatible almost complex structure J 1 on S 2 × S 2 that satisfies the above properties. Here we recall some details: The smoothened broken lines form a smooth hypersurface S 1 ×S 2 ֒→ S 2 ×S 2 which is foliated by J 1 -holomorphic spheres in homology class A and which contains L 0 . Gromov's well-known result then implies that these lines live in a smooth family of globally defined symplectic S 2 -fibration by J 1 -holomorphic lines as sought. Property (4) is now automatic, since broken lines are asymptotic to precisely one of the tori, and hence the smoothened lines pass thorugh precisely one of L i . Property (5) is an automatic consequence of the smoothing construction, since the almost complex structure satisfies Part (1) of Lemma 5.8 near L 0 .
Observe that the smoothing construction automatically produces J 1 -holomorphic lines that pass through L 0 ∪L 1 (i.e. the smoothened broken lines) which further can be assumed to remain holomorphic also for a suitable compatible almost complex structure J 1 ∞ on S 2 × S 2 − L 0 which is stretched around L 0 . (The J 1 -holomorphic lines that pass through L 0 thus become a union of two J 1 ∞ -holomorphic planes.) We then construct a smooth interpolation J t ∞ of stretched almost complex structures on S 2 × S 2 − L 0 that moreover satisfy the conclusion of Part (1) Lemma 5.8 near L 0 , and where J 0 ∞ is a "standard" cylindrical almost complex structure as in Part (2) of Lemma 5.8 for which the fibres of the canonical projection pr −1 2 (S 1 ) − L 0 all are finite energy pseudoholomorphic spheres (more precisely, they consist of two pseudoholomorphic planes asymptotic to L 0 ). The path of fibrations π t is then constructed in the following manner. First, the moduli spaces of the planes under considerations are compact by Lemma 5.9, and Wendl's automatic transversality implies that they all consist of regular curves. We can thus performing the smoothing procedure from [7, Section 5 ] to pairs of the J t ∞ -holomorphic planes asymptotic to L 0 , considered as broken J t ∞ -holomorphic lines, in order to make them all into smooth pseudoholomorphic spheres for some compatible almost complex structure J t on S 2 × S 2 that satisfies the sought properties. In loc. cit. the smoothing procedure was only described for a single stretched almost complex structure, but it can also be performed with smooth dependence on a one parameter family of almost complex structures without additional work.
The globally defined S 2 -fibrations then again exist by (a one-parameter version of) Gromov's result. In addition, since the almost complex structures J t ∞ all satisfy the conclusions of Part (1) of Lemma 5.8 near L 0 , one can readily see that the smoothing construction produces lines that satisfy Property (5).
Property (1) can be achieved since the compactification of the broken J 0 ∞ -lines coincide with standard holomorphic lines, and in particular thus already are smooth. When performing the smoothing procedure we may assume that the broken J 0 ∞ -holomorphic lines are left undeformed.
Properties (2) and (3) can both be assumed to hold after a suitable parametrisation of the leaf spaces of the foliations by J t -holomorphic lines in homology class A (which all are diffeomorphic to S 2 ).
In the following we let
be a standard holomorphic line in S 2 × S 2 which intersects L 0 in a smooth circle.
Lemma 5.11 (Normalisation). The following holds:
(1) After a deformation of the symplectic fibrations π t produced by Proposition 5.10 by a standard normalisation procedure, we may assume that any fibre π −1
t (e iθ ) above the equator e iθ ∈ S 1 ⊂ S 2 coincides with the standard fibre pr
we may in addition to Part (1) assume that
is satisfied. Moreover, we can assume that the fibrations π t produced by Proposition 5.10 satisfy π t = pr 2 in some neighbourhood of ℓ 1 for all t ∈ [0, 1].
Proof.
(1): First we standardise the fibres over the equator in a neighbourhood of L 0 by using the symplectic neighbourhood theorem and performing a standard normalisation. Recall that Part (5) of Proposition 5.10 implies that each line π −1 t (e iθ ) which is the fibre above a point e iθ ∈ S 1 ∈ S 2 on the equator coincides with some standard line pr
2 (e ift(θ) ) in a small neighbourhood of L 0 . Consider a one-parameter family of isotopies that connect the diffeomorphisms f t × id S 1 of L 0 ∼ = T 2 to id T 2 . Its extension to a Hamiltonian isotopy of a neighbourhood of Weinstein neighbourhood of L 0 , extended by identity to all of S 2 × S 2 after a suitably cut off, we can achieve that π Second, we normalise the lines π −1
t (e iθ ) near D ∞ , again by a standard normalisation procedure. This is similar to the first point of [5, Theorem 4.6] . Here it is helpful to use the fact that each such line is holomorphic near D ∞ and intersects the divisor transversely in precisely two points. Moreover, as also follows from positivity of intersection and automatic transversality, the intersections of these lines with each of the two lines {i} × S 2 , i ∈ {0, ∞} consists of an embedded closed curve γ i t ⊂ S 2 × {0, ∞} which moreover is homotopically essential. Interpolating between the power series expansions of the different lines we may assume that each π −1 t (e iθ ) coincides with the standard line S 2 × {γ i t (θ)} near {i} × S 2 , i ∈ {0, ∞}, where thus γ i t (θ) = e iθ . After a further explicit smooth deformation of these lines in an even smaller neighbourhood of {i} × S 2 of the form we may finally assume that γ i t (θ) = e iθ . (We may consider non-symplectic isotopies of S 2 × S 2 which are of the form (z 1 , z 2 ) → (z 1 , ψ i (d(z 1 , i), z 2 )) near {i} × S 2 for i ∈ {0, ∞}, since they preserve the symplectic property of lines of the form S 2 × {pt}.)
The above two paragraphs establish Part (1) of the lemma. The sought Hamiltonian isotopy of L 1 can now be taken to be (φ
Since L 1 is disjoint from ℓ 1 after the Hamiltonian isotopy, we may deform the path J t given by Proposition 5.10 to one for which J t = i is satisfied near ℓ 1 . For this path of almost complex structure, the additional claim that π t = pr 2 holds in the same neighbourhood can be assumed.
Lemma 5.12 (Inflation). There exists a smooth Liouville flow
which is defined for all t ∈ (−∞, 0] and which satisfies the following properties:
the image of each fibre of either canonical symplectic fibrations pr 1 or pr 2 under ψ t is contained inside some fibre of the same fibration, and (3) there exists a compact subset C ⊂ S 2 ×S 2 −(D ∞ ∪ℓ 1 ) for which ψ t (S 2 ×S 2 −(D ∞ ∪ℓ 1 )) ⊂ C is satisfied whenever t ≪ 0 is sufficiently small.
Proof. The symplectic manifold
is a subset of the symplectic product pr i : S 2 × S 2 → S 2 . First note that this subset has an induced product structure
This identification may be assumed to identify L 0 with the product
The Liouville flow can readily be constructed as the product of Liouville flows on the punctured spheres. On the two-punctured sphere we can take the standard Liouville flow on D ≤r T * S 1 corresponding to the Liouville form pdq which preserves the zero section (or a compactly supported Morse perturbation of it). A Liouville flow on the three punctured sphere that satisfies the sought properties can be constructed as follows. Start with the standard Liouville flow on (D 2 , ω = Figure 4 . The Liouville flow ψ t can be taken to be the negative gradient flows on the three and two punctures surfaces induced by the height function showed above. The skeleton, which is fixed by the flow, is shown in red. In addition, the blue curve on the left can also be assumed to be fixed set-wise by the flow. The product of the blue curve on the left and the red circle on the right is identified with L 0 − ℓ 1 .
Lemma 5.13. The Liouville flow from Lemma 5.12 produces a Lagrangian isotopy
where the symplectic action of L t 1 is of the form p
for some path a t > 0 that depends smoothly on t ≤ 0.
Proof. It suffices to show the weaker claim that p L t 1 1 ≡ 0, i.e. that p L t 1 = (0, a t ) for some arbitrary path a t ∈ R. Indeed, since a 0 = a > 0 is satisfied by assumption, and since all exact tori must intersect the zero section, we deduce the additional claim that a t > 0 is satisfied for all t ≤ 0.
The claim p Given the existence of C, the calculation of the symplectic action of L t 1 can now be done as follows. Let λ = p dq + η be the Liouville form on S 2 × S 2 − (D ∞ ∪ ℓ 1 ) that defines the Liouville flow ψ t , where η is some closed one-form on S 2 × S 2 − (D ∞ ∪ ℓ 1 ). Observe that (ψ t ) * λ = e t λ. Since L 0 is a Lagrangian that remains fixed setwise under ψ t by assumption, one can deduce that λ| T (L 0 −ℓ 1 ) ≡ 0. Using these facts we finally compute . The characteristic foliations ker(ω| T Yt ) ⊂ T Y t integrate to give a smooth path of symplectic monodromy maps ϕ t : (S 2 × {1}, ω) → (S 2 × {1}, ω) of the leaf S 2 × {1} of the foliation, where ϕ 0 = id S 2 by the third bullet point above. The last bullet point above ensures that the characteristic foliation is standard near D ∞ ∪ L 0 , which implies that a neighbourhood of {0, ∞} as well as the equator S 1 are fixed pointwise by ϕ t .
The goal is now to deform the hypersurfaces Y t := π −1 t (S 1 ) for t > 0 inside the complement
of L 1 to a new familyỸ t which, in addition to the above properties, also has a monodromy which satisfies ϕ t ≡ id S 2 for all t ∈ Proof. This follows from the well-known formula for the inverse path of a Hamiltonian isotopy, together with the fact that rescaling time has the effect of an analogous rescaling of the Hamiltonian.
In particular, we conclude that the Hamiltonian K t τ that generates the path φ t τ can be assumed to be arbitrarily small, since this can be assumed forH tβ(τ ) .
Denote byỸ t the new family of hypersurfaces, i.e. after the inflation and the symplectic suspension. We claim that this family of hypersurfaces again satisfies the properties of the above bulletpoint, but where L 1 has been replaced by L s 1 ; i.e. L s 1 ⊂ S 2 × S 2 −Ỹ 1 . (We again stress that L 1 1 is not Hamiltonian isotopic to L 1 , but rather L s 1 is a Lagrangian isotopy whose symplectic action satisfies the sought properties by Lemma 5.13, which is sufficient for our needs.)
We now argue why the deformed hypersurfacesỸ t still coincides with Y t near D ∞ ∪ L 0 . This is only the case if K t τ can be shown to be constantly vanishing near S 1 ∪ {0, ∞} ⊂ S 2 . To that end, we need the following result.
Lemma 5.16. The HamiltoniansH t are constant (depending only on t) in a neighbourhood of S 1 ∪ {0, ∞} ⊂ S 2 . We may normaliseH t so that they all vanish in the neighbourhood of S 1 . With this choice of Hamiltonians, the hypersurfacesỸ t produced above satisfy the properties We immediately get (1) and (2) by construction. Part (3) finally follows from Part (2). First, the two closed curvesỸ t ∩D ∞ contained inside the two lines at infinity {0, ∞}×S 2 can be seen to both be characteristic curves by construction (sinceH t is constant near {0, ∞} ⊂ S 2 ). Unless H t vanishes near {0, ∞} ⊂ S 2 , it would follow that a nonempty subset of these characteristic curves contained in D ∞ are of a different symplectic action than the action of the curves of Y 0 .
Lemma 5.17. The isotopyỸ t is generated by a global Hamiltonian G t : S 2 × S 2 → R for t ∈ [0, 1] which fixes D ∞ set-wise.
Proof. We have shown that the characteristic distribution of the hypersurfacesỸ t is the pushforward of a constant vector field for a suitable family of parametrisations. Hence we can extendỸ t to a smooth isotopy of S 2 × S 2 which preserves the symplectic form in a small neighborhood ofỸ t and which is the identity nearỸ t ∩ D ∞ . According to Lemma 5.16 , the symplectic action of the closed characteristics ofỸ t is independent of t. It thus follows by Banyaga's isotopy extension theorem [2, Thm. II.2.1.] thatỸ t is generated by a Hamiltonian G 1 t : S 2 × S 2 → R which is locally constant for fixed t nearỸ t ∩ D ∞ . We now define G 2 t : Op ǫ (Ỹ t ∪ S 2 × {0} ∪ S 2 × {∞}) → R by requiring that G t = G 1 t in Op ǫ (Ỹ t ) and that G t is constant for each fixed t in Op ǫ (S 2 × {0}) and in Op ǫ (S 2 × {∞}).
